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We analyze a possible loophole to the conclusion of the Bell-KS theorem that quantum mechanics 
is not compatible with any realistic and noncontextual or local theory. We emphasize that the 
models discarded by Bell-KS-like arguments possess a property not shared by quantum mechanics, 
i.e. the capability to make non-trivial statements about the joint statistics of quantum incompatible 
observables. By ruling out this possibility, apparently nothing seems to prevent from a realistic, 
noncontextual or local view of quantum mechanics. 


INTRODUCTION 

It is well known that quantum mechanics does not al¬ 
low to predict the result of individual measurements but 
only the probabilities associated to each of the possible 
results. The origin of this randomness has been be sub¬ 
ject to much debate since the early days of the quantum 
theory. Whereas no completely satisfactory solution to 
this dilemma is currently accepted, there are some re¬ 
sults which assert that a theory explaining the statistical 
nature of the quantum mechanics should present some 
“weird” properties. For example, because of the viola¬ 
tions of Bell’s inequalities [T] , it is commonly argued that 
it not possible to find a theory “completing” the quantum 
mechanics keeping the causal structure of the Einstein’s 
relativity (nonlocality). Another result originally due to 
Kocher and Specker (KS) [2] claims that in such a more 
fundamental theory the value of some observable cannot 
depend only on the state of the system, but also on the 
particular apparatus used to measure it (contextuality). 
More explicitly, this kind of arguments rely on the fol¬ 
lowing hypotheses: 

1. Realism. Without entering into very philosophical 
issues, and quite focused on our context, realism 
is essentially the belief there exist a physical real¬ 
ity independent of observers and measurement pro¬ 
cesses. In other words, the properties of physical 
systems have predefined values before its measure¬ 
ment, or even in the absence of it; measurements 
just reveal these values. 

2. Noncontextuality. It asserts that the predefined val¬ 
ues assumed to exist by realism are independent of 
how the observer manages to measure them. In 
particular, in the framework of the quantum me¬ 
chanics, it implies that the value of a quantum ob¬ 
servable is independent of which other compatible 
observables are measured along with it. 

3. Locality. It is the statement that the value of an 
observable measured at some point of the Space- 
time does not depend on whether or not another 
observable is measured in another point causally 
disconnected (i.e. space-like separated) from the 


first one. In practical terms locality is a special 
case of noncontextuality, as local observables are a 
particular case of compatible observables. 

Different versions of the Bell-KS theorem claim that 
quantum mechanics cannot satisfy 1 and 2 (quantum con¬ 
textuality) or 1 and 3 (quantum nonlocality). However, 
there is another very fundamental property not satisfied 
in these results: 

4. Absence of incompatible statistics. We shall say 
that a theory presents “incompatible statistics” if 
it is able to assign concrete values (or bounds) to 
the statistics of joint measurements of two or more 
noncommuting quantum observables. 

It is the main goal of this work to point out that Bell- 
KS-like arguments do not exclude completely the possible 
realistic and noncontextual or local character of quantum 
mechanics. What they exclude is the existence of realistic 
and noncontextual or local alternative theories account¬ 
ing for the results of quantum experiments, and assigning 
values or (nontrivial) bounds to statistics of joint mea¬ 
surements of two (or more) noncommutative observables; 
i.e. not satisfying 4 above. However, if one requires those 
models to be unable to make statistical statements on a 
joint measurement of two noncommutative observables 
[i.e. assumptions l&2(or 3)&4 above], as the quantum 
mechanics does, none of them, up to our knowledge, is in 
contradiction with quantum mechanics. 

To explain why the presence of “incompatible statis¬ 
tics” is tacitly assumed in the Bell-KS theorem, we shall 
focus our discussions on proofs assuming noncontextual¬ 
ity. Since locality is a particular case of noncontextuality 
there is no loss of generality. Specifically, in the subse¬ 
quent sections we analyze two simple proofs of “quantum 
contextuality”. The arguments given there should con¬ 
vince the reader that a similar line of reasoning can be 
applied to other more complicated proofs. A comment 
on the relation of our conclusions with the locality as¬ 
sumption and with proofs involving inequalities shall be 
given later on. 
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HARDY-LIKE PROOF OF QUANTUM 
CONTEXTUALITY 

In a recent paper Cabello et al. [3] have given a simple 
proof of quantum contextuality which is specially conve¬ 
nient for our purposes. In this proof, they consider five 
boxes which can be either empty or full. Thus, the no¬ 
tation P(l, 0|i, j) is adopted to represent the probability 
that the box i is full “1”, and the box j is empty “ 0 ”, 
and likewise for both boxes full and both empty. Then, 
consider that the boxes are prepared in some state such 
that the following two equations are satisfied 

P(0,l|l,2) + P(0,l|2,3) = l, (1) 

P(0,l|3,4) + P(0,l|4,5) = l. (2) 

By assuming that the result of finding the boxes empty 
or full is predetermined and independent of which boxes 
are opened (i.e. noncontextuality of results) it is easy to 
conclude that 

P(l,0|l,5) = 0. (3) 

However, this implication fails to hold for quantum sys¬ 
tems. The counterexample is given by a three-level 
system in the state \'ijj) = ^(1,1,1)"'’. The role of 
opening the boxes is played by measuring the projec¬ 
tors onto the five states: |ui) = ;^( 1 , — 1 , 1 )"*", |u 2 ) = 
^( 1 , 1 , 0 )'^, \v 3 ) = ( 0 , 0 , 1 )'^, |W 4 ) = ( 1 , 0 , 0 )'^, and 
1 ^ 5 ) = ;^( 0 , 1 , 1 )"”", whereas empty and full are equiv¬ 
alent to obtain the result 0 or 1 , respectively. 

Since the states |wi) and \v 2 ) are orthogonal, the re¬ 
spective projectors Pi = |ui)('(;i| and P 2 = \v 2 ){v 2 \ are 
compatible, and the joint probability to obtain the re¬ 
sult 0 for Pi and 1 for P 2 is well defined and given 
by P^(0,1|1,2) = {ijj\P 2 \il)) = 2/3. The same happens 
for the other four probabilities in Q, 0 , and (§ , and 
we obtain P^(0,1|1,2) -|-P 0 ( 0 ,1|2, 3) = P 0 ( 0 ,1|3,4) -|- 
P^( 0 ,1|4,5) = 1 , however Py,(l,0|l,5) = (V'|Pi|'i/') = 
1/9, which contradicts 

This contradiction seems to indicate that “the value 
a quantum observable is not predetermined and inde¬ 
pendent of which other compatible observables are mea¬ 
sured along with it”. In other words, apparently the 
quantum mechanics does not satisfy the two aforemen¬ 
tioned properties 1&2 simultaneously. Now, after a care¬ 
ful checking, the reader will not have any problem to 
conclude that if 0 and 0 are satisfied, and the results 
are predetermined and independent of which boxes are 
opened, not only the condition ^ is fulfilled but also 
P(l,0|l,3) = P(l,l|l,4) = P(0,l|2,4) = P(0,0|2,5) = 
P(l,0|3, 5) = 0 must be satisfied as well. Thus, the con¬ 
ditions Q and (|^ state the impossibility of some results 
of any pair of boxes. However, in the quantum coun¬ 
terexample only statements about outcomes of the mea¬ 
surement pairs (1,2), (2,3), (3,4), (4,5) and (1,5) can be 


made, for the rest of combinations quantum mechanics 
cannot say anything as the corresponding projectors are 
not orthogonal. Hence, this is an example of noncontex- 
tual and realistic model presenting “incompatible statis¬ 
tics” when trying to reproduce the results of a quantum 
experiment. Note that, in order to avoid quantum incom¬ 
patible joint statistics here, we would need to consider 
a set of five compatible quantum measurements, which 
means to consider five orthogonal projectors. Since the 
space has dimension 3, this is not possible. Even so, no 
violations of Eq. ([^ can be obtained for orthogonal pro¬ 
jections because the theory in essentially classical in that 
case, as there is no noncommuting object involved. 

Therefore, a acuter interpretation of the violation of 
condition Eq. 0 is that “under the assumption that 
it is possible to assign concrete values on the results of 
some incompatible quantum measurements, the values 
of a quantum observable cannot be not predetermined 
and independent of which other compatible observables 
are measured along with it”. In other words, nothing 
about the contextuality and realism of quantum mechan¬ 
ics seems to be concluded from the violation of Eq. ^ , 
unless we assume that it is possible to assign concrete 
statistics to incompatible quantum measurements. The 
joint hypothesis 1&2 is not violated, what is violated is 
1&2&4. 

It may be thought that this way to understand the vi¬ 
olation of Eq. ^ is something particular to this model, 
which might not apply in other proofs of quantum con¬ 
textuality; in fact, there are many proofs of this [4j. 
Then, we may pose the following question: is it possible 
to prove quantum contextuality avoiding predictions in¬ 
volving quantum incompatible observables?, the answer 
seems to be negative. To illustrate why that is the case, 
we shall analyze another proof based on an argument of 
KS type. 


MERMIN’S TEN OBSERVABLE PROOF OF THE 
KS THEOREM 

In [S] Mermin suggested a nice and pedagogical proof 
of the Bell-KS theorem (see also i)- The proof is for¬ 
mulated with an arrangement of three qubits, so that 
the total space is eight-dimensional. Mermin considers 
ten observables which, for illustrative purposes, can be 
sited along the intersection points of a star. Fig. 1(a). 
The observables only take the values 1 or —1, and by i^j 
we denote the (predetermined value of the) result of the 
measurement for the observable at the point labeled by j, 
considered to be independent of which other observables 
are measured along with it. By hypothesis we consider 
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FIG. 1: Schematic visualization of the Mermin’s ten observable proof of the Bell-KS theorem. In (a) we write labels for the 
intersection points, (b) shows the arrangement of quantum observables (ct* denotes the Pauli matrix i for the qubit j), and (c) 
gives an impossible result which cannot be falsified by quantum mechanics. 


that the following equations are satisfied: 


= 1 , 

( 4 ) 

= 1 , 

( 5 ) 

VpV^VgV,^ = 1 , 

( 6 ) 

V^VT^VgV, = 1 . 

( 7 ) 


These correspond to the multiplication of the results of 
a measurement of the four observables along each non¬ 
horizontal line of the star. Now, since the measurement 
results are supposed to be predetermined and indepen¬ 
dent of which other observables are also measured, we 
can multiply the four equations and, because = 1 ) 
we obtain 


= 1 . ( 8 ) 

Therefore, we conclude that if Eqs. are satisfied, 

the product of results of a joint measurement of the four 
observables along the horizonal line of the star has to be 

1 . 

Consider now a quantum observable given by the self- 
adjoint operator A. We define a “valuation” function 
v{A) that assigns a numerical value to the observable A 
with the aim to be its value before (and after) its mea¬ 
surement. So that v{A) takes values on the spectrum 
of A. Now, there is a very natural condition to be im¬ 
posed on this function; if {A, B,C,...} is a set of mu¬ 
tually commuting observables, and some functional re¬ 
lation of the form f{A, B,C,...) = 0 is satisfied, then 
f[v{A), iy{B),i'{C ),...] = 0. It is crucial that this is im¬ 
posed only on a set of commuting observables, i.e. ob¬ 
servables that can be measured jointly, otherwise it is 
easy to find trivial contradictions. Actually this point 
involving noncommuting observables was observed by 
Bell [7] as an implicit premise in the von Neumann’s 
proof about the impossibility of hidden variable theories 


[5]. From a mathematical point of view the implication 
/(A, B, C,...) = 0 ^ f[v{A),v{B),iy{C),...] = 0 for a 
commuting set {A, B,C,...} can be motivated because 
they share the same spectral basis. For instance, con¬ 
sider that f{A, B,C,...) = A + B + C + ... = 0, then 
A + B + C + ... is a quantum observable with eigen¬ 
value 0. Because the commutation, the spectral basis 
of f{A, B,C ,...) is also the spectral basis of each of 
A,B,C,... and the eigenvalues of A+B+C+... are given 
simply by adding sequences of eigenvalues of A, B,C,.... 
Since, by assumption, all of these sums have to be 0, and 
the valuation function iz(A) only takes values on the spec¬ 
trum of A, we conclude that i/{A) + i'{B) + i/{C) +... = 0. 

Coming back to Eqs. 0 - 0 , suppose now that Vj = 
I'iAj), where the choice of observables Aj is given in Fig. 
1(b). All of these observables take values 1 or —1, and 
the observables sharing the same line in the star are com¬ 
muting. Precisely from this commutation it is immediate 
to check that Eqs. 0-0 are satisfied, i.e. the multipli¬ 
cation of the observables on each nonhorizontal line gives 
the identity, and then the same relation is fulfilled for its 
predetermined values given the valuation function i/{Aj). 
Therefore, if the values of these quantum observables are 
predetermined and independent of which other observ¬ 
ables are measured along with it, Eq. ([^ must be also 
satisfied. However this is not true, because the product 
of the observables on the horizontal line is — 1 , and they 
are commuting: 


vpv^vsve = v{afa2(T3)v{alala^)v{ala2al)v{alalal) 


= v{-l) = -l. 


( 9 ) 


Thus, one could conclude again, as in the previous 
section, that “the value a quantum observable is not 
predetermined and independent of which other compat¬ 
ible observables are measured along with it”. Never¬ 
theless, again, sensu stricto, this conclusion should be 
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stated as “under the assumption that it is possible to as¬ 
sign concrete values on the results of some incompatible 
quantum measurements, the values of a quantum observ¬ 
able cannot be not predetermined and independent of 
which other compatible observables are measured along 
with it”. The reason for this is given in the arrange¬ 
ment of results in Fig. 1(c). From Eqs. Q and ([^ 
this combination of results is impossible because condi¬ 
tion 0 implies z/q, = — 1 whereas condition 0 imposes 
Va = 1, so that in the the notation of the previous section, 
P(l, 1,1,1, —1,1|7, S, (C, rj, t, k) = 0. Flowever, quantumly 
this combination cannot be considered to be impossible 
or possible with some probability because it would im¬ 
ply to make simultaneous measurements of two or more 
non-commuting observables, see Fig. 1(b). 


DISCUSSION 

Despite we have analyzed just two versions of the Bell- 
KS theorem (an analysis of all of them is very far from the 
scope of this paper), we aimed at illustrating sufficiently 
well why it is not feasible to find a proof of quantum con- 
textuality without the tacit assumption that there exist 
concrete assigned values for the joint statistics of some 
quantum incompatible events. Namely, the proofs of con- 
textuality are based on several “test” equations that must 
be satisfied for a realistic and noncontextual theory [e.g. 
Eqs. and Eqs. Q-Q]. In order to find a contra¬ 

diction with some of these test equations it is necessary 
that the set of quantum measurements includes some in¬ 
compatible events (despite that only joint measurements 
of compatible events are required to check these equa¬ 
tions), otherwise the situation reduces to an essentially 
classical theory in the common spectral basis. However, if 
there are incompatible measurements, by substituting in 
the test equations some particular values of two or more 
of these incompatible measurement (as many as needed), 
it is always possible to find to a situation which violates 
the test equations but that the quantum mechanics can¬ 
not falsify because it involves the joint measurement of 
two or more incompatible observables. 

Thus, the presence of “incompatible statistics” can be 
seen a loophole to escape from the standard conclusions 
of the Bell-KS theorem. 


tion by the locality one, see Hi and [SIS] for each of 
them respectively. Thus, the apparent violation of the 
local realism can be again reinterpreted as a byproduct 
of the tacit assumption that the considered local models 
assign probabilities to incompatible events in quantum 
mechanics. 

A similar thing happens with proofs based on inequal¬ 
ities. For instance, if Xi, X 2 , Yi and Y 2 are random 
variables taking values ±1, it can be proved that m- 

- 2 < (XiEi) + (XiEa) + (A2Y1) - {X2Y2) < 2 ( 10 ) 


which is the so-named CHSH inequality, and where (...) 
denotes the average over some ensemble. Quantum me¬ 
chanics violates this inequality for spin observables of two 
particles Xi = aa 0 1, X 2 = era' 0 1, Fi = 1 ® ab and 
¥2 = 1 ® CTb', where tXa stands for the Pauli matrix in the 
direction a. The X observables are always compatible 
with the Y observables, but Xi and X 2 must be incom¬ 
patible to obtain a violation of (10), and the same applies 
to Yi and Y 2 . From this fact we can derive a bound from 
Eq. (10) which involves the simultaneous measurement 
of incompatible observables. To that aim it is convenient 
to rewrite (101 in terms of probabilities. By expanding 
the correlations functions and because of the dichotomic 
character of the results, we obtain the compact expres¬ 
sion (XY) = 2P{X = y) — 1, where P{X = Y) denotes 
the probability to obtain the same result in the simulta¬ 
neous measurement of X and Y. Thus, Eq. (10) reads 


0 < P{Xi = Y^)+P{X^ = Y2)+P{X2 = Y^)-P[X2 = Y 2 ) < 2 . 

( 11 ) 

Then, by taking into account that P{X = x]Y = y) > 

P{X = x;Y = y, A = a, B = b, C = c,...) ioi whatever 
observables A, B,C ,..., we can conclude that 


P(Xi = X 2 = Y 2 ) < PiX, = Y,)+PiX, = Y2)+PiX2 = Yi). 

( 12 ) 

Hence, we have obtained a statement about the probabil¬ 
ity, P{Xi = X 2 = Y 2 ), which inevitably requires the si¬ 
multaneous measurement of noncommuting observables. 

This inequality (12) explicitly manifests the implicit pres¬ 
ence of “incompatible statistics” in the CHSH inequality 

[la¬ 
in summary, arguments with inequalities also presents 
statement about incompatible statistics. 


DETERMINISM, LOCALITY AND 
INEQUALITIES 

It is worth to comment the relation of the previous re¬ 
sults with the local realism as tested by Bell inequalities. 
First of all, as the reader might have already noted, the 
Hardy like and Mermin’s ten observable proof are very 
convenient as both can be recast to test local realism. 
With the substitution of the noncontextuality assump- 


CONCLUSIONS 

In this work we have analyzed several versions of the 
Bell-KS theorem with the goal of explaining why there 
exist no conflict with the assumptions of realism and non¬ 
contextuality (or locality), unless we assume the exis¬ 
tence of assigned values or bounds on joint probabilities 
of quantum incompatible measurements. From a differ¬ 
ent point of view, the Bell-KS theorem can be reinter¬ 
preted as the absence of a theory providing predictions 
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to quantum incompatible measurements respecting the 
properties of realism and noncontextuality or locality. 

Therefore, if one accepts the belief that quantum in¬ 
compatible events are indeed incompatible, it does not 
seem to be any problem to assume quantum mechanics 
to be realistic and noncontextual (or local), because any 
trial to find some contradiction seems to inevitably re¬ 
quire the assumption that there exist concrete values or 
bound for joint measurements of incompatible quantum 
observables. 

In this regard, although in the present work a math¬ 
ematical proof precluding a quantum contradiction with 
realism and noncontextuality while keeping absence of 
incompatible statistics has not be given, we hope to have 
provided sufficient arguments to support that such a con¬ 
tradiction, if possible, needs an alternative line of reason¬ 
ing different from the existent ones. 
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